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New results on η and η ′ meson production in the reaction pp → ppX, measured very recently at the COSY-11 facility [1, 2] , together with previous data [3, 4, 5, 6, 7, 8] , determine the energy dependence of the near-threshold total cross section with a precision comparable to the measurements of the reaction pp → ppπ 0 [9, 10] . These new data encouraged us to perform a phenomenological analysis similar to those of references [11, 12, 13] . Here we concentrate on π 0 , η, and η ′ meson production, and complete the analysis of these references by taking into account the interaction between the incident protons, and by introducing a new representation of the data. The production rates of π 0 , η, and η ′ mesons will be compared as a function of the available phase space. We will study the phase-space dependence of the quantity |M 0 | which is derived from the total cross section with the ISI and pp-FSI factored out. Consideration of the dependence of |M 0 | on phase space allows us to infer the η-proton and η ′ -proton interactions. To avoid large ambiguities due to differences in pp-FSI models, we normalize the |M 0 | for η and η ′ mesons to the one for the π 0 meson and show that the resulting η ′ -proton interaction is comparable to the π 0 -proton one.
In general, the total cross section is presented as a function of the dimensionless parameter η M [9, 10, 12] 1 , which is defined as the maximum meson momentum in units of meson
, or as a function of the center-of-mass excess energy Q [3, 6, 8] , where nonrelativistically these variables are related by:
with m p and M denoting the proton and meson mass, respectively. The above equation
shows that the proportionality factor between the variables Q and η 2 M changes for different mesons, since the masses of the π 0 , η, and η ′ are distinct. Hence, depending which variable is selected, the relation between the cross section values changes for different mesons. For example, as shown in reference [4] the η meson production-cross-section exceeds the π 0 cross section by about a factor of five using η M , whereas the π 0 meson cross section is always larger when employing the Q scale.
The total cross section for pp → ppX is in general an integral over phase space, weighted by the square of the transition matrix element and normalized to the incoming flux factor F:
where X stands for the π 0 , η or η ′ meson, V ps denotes the phase space volume, and
, with s being the square of the total energy in the centerof-mass frame. The transition matrix element for the reaction pp → ppX, M pp→ppX , incorporates the production mechanism and both the initial (ISI) and final (FSI) state interactions. In analogy with the Watson-Migdal approximation [18] for two body processes, we may assume that the complete transition amplitude for a production process M pp→ppX factorizes approximately as [19] :
where M 0 represents the total production amplitude, M F SI describes the elastic interaction among particles in the exit channel, and ISI denotes the reduction factor due to the interaction of the colliding protons.
Equation (2) suggests that a natural variable for comparing the total cross sections for different mesons may be the volume of available phase space, 2 V ps = dV ps . Figure 1 shows the yield of π 0 , η, and η ′ mesons in the proton-proton interaction as a function of available phase space volume. The yield is defined as the cross section multiplied by the corresponding flux factor, and divided by the ISI factor. Close to threshold the initial state interaction, which reduces the total cross section, is dominated by proton-proton scattering 2 In the nonrelativistic approximation, Q << M (which is justified at threshold), V ps is proportional to the fourth power of the variable η M or the square of the excess energy Q; V ps = dV ps =
in the 3 P 0 state. As shown by Hanhart and Nakayama [15] , this ISI may be estimated in terms of phase shifts and inelasticities. The ISI factor is close to unity for pion production, and amounts to ∼ 0.2 [15] and ∼ 0.33 [16] respectively for η and η ′ mesons at threshold. As shown in reference [15] the initial state interaction may be taken into account by multiplying the theoretical cross section by these factors. This justifies our choice of the dimensionless quantity σ · F ISI , which depends only on the primary production amplitude M 0 and on the final state interaction among the produced particles. Numerically we have confirmed that within the present model the effect of the pp-FSI is approximately independent of the produced meson mass throughout the phase space volume under investigation. In fact, the difference of the effect on the pp-FSI is about 1% for η and η ′ production and it is only about 10%
larger than for the case of the π 0 production. This is in line with the G. Fäldt and C. Wilkin model which predict that the pp-FSI depends on the excess energy only [17] .
Thus, the observed differences in the production yield for the different mesons, as presented in Figure 1 , may be attributed directly to the square of the primary production amplitude |M 0 | 2 convoluted with the FSI of the particles in the exit channel. Comparing the cross sections with flux-factor and ISI corrections one can see that over the relevant range of V ps the dynamics for η ′ meson production is about six times weaker than for the π 0 meson, which again is a further factor of six weaker than that of the η meson.
Employing equations (2) and (3) and given the two additional assumptions that in the exit channel only the proton-proton interaction is significant (M F SI = M pp→pp ), and that the primary production amplitude is constant over the studied range of phase space, it is possible to calculate the quantity |M 0 |. From this point we no longer refer to M 0 as the primary production amplitude, because the assumption (M F SI = M pp→pp ) implicitly shifts the proton-meson FSI from |M F SI | to |M 0 |.
To evaluate |M 0 | we considered three possible parametrizations of the pp-FSI enhancement factor |M pp→pp | 2 , which are presented in Figure 2 . The solid line shows the squared proton-proton amplitude [20] :
where
is the Coulomb penetration factor [21] , η c is the relativistic Coulomb parameter η c = α/v, with α -the fine structure constant and v -the proton velocity in the rest frame of the other proton. The phase-shifts δ pp ( 1 S 0 ) are calculated according to the modified Cini-Fubini-Stanghellini formula including the Wong-Noyes Coulomb correction [22, 23, 24] ,
[25]. The phenomenological quantities a pp = −7.83 fm and b pp = 2.8 fm denote the scattering length and effective range [22] , respectively. The parameters P pp = 0.73 fm 3 and Q pp = 3.35 fm 2 are related to the detailed shape of the nuclear potential and derived from a one-pion-exchange model [22] . These calculations give values which are in a good agreement with the phase shifts of the VPI partial wave analysis [26] , shown as solid circles, and with the phase shifts of the Nijmegen analysis [27] , shown as open squares.
The dashed line presents the enhancement from the proton-proton interaction, |M pp→pp | 2 , estimated as an inverse of the squared Jost function, with the Coulomb interaction included [28] . In this case |M pp→pp | 2 is a dimensionless factor which approaches zero as the relative proton momentum k→0, peaks sharply at k ≈ 25 MeV/c, and asymptotically approaches unity for large relative proton-proton momentum. The solid and dashed lines agree quite well for small relative protons momentum.
The dotted line corresponds to the inverse of the squared Jost function, calculated using the formulas of references [29, 30] , also corrected for the Coulomb force. The presented prescriptions evidently differ significantly, especially for k larger than ≈ 50 MeV/c.
The curves in Figure 2 are arbitrarily normalized to the same maximum value as found in reference [28] . Note that the values of |M 0 | extracted will depend on the absolute values of the enhancement factor |M pp→pp | 2 , which is not well established. For example, the formula given by Druzhinin et al. [28] leads to a maximum value of |M pp→pp | 2 of about 50, whereas the authors of reference [11] find a value of about 20. Due to this wide variation, in the following we will discuss only the relative phase space dependence of |M 0 |, rather than the absolute magnitude. phase space volume. The observed deviation from unity is too large to be plausibly assigned to a variation in the primary production amplitude; the calculations of Moalem et al. [31] show that the primary production amplitude should change only by a few per cent in this energy range. Therefore, the observed behaviour of |M 0 | may be attributed to an attractive η-proton interaction, which was neglected in its derivation. The results for the π 0 and η ′ production, apart from the points closest to threshold 3 , show that |M 0 | is indeed effectively constant over the region of the phase space studied, indicating that both the π 0 -proton and η ′ -proton FSIs are too weak to be observable at current experimental accuracy. In the case of the π 0 this result was expected, since the S-wave π-proton interaction is much weaker than the η-proton one. The real part of the scattering length, a pπ = 0.13 fm [32] , is about six times smaller than a pη = 0.75 fm [33] . Regarding the η ′ meson, there is no experimental evidence for the η ′ -proton interaction except for a very conservative upper limit on the real value of 3 Due to the steep decrease of the total cross section near threshold, a small change in the energy (0.2 MeV) lifts the points to significantly higher values. Moreover, at very low energies, nuclear and Coulomb scattering are expected to compete. The limit is at approximately 0.8 MeV proton energy in the rest frame of the other proton, where the Coulomb penetration factor C 2 is equal to 0.5 [25] . Thus, careful analysis is required at small excess energies, where the Coulomb interaction dominates.
the η ′ -proton scattering length |Re(a η ′ p )| < 0.8 fm, as estimated in reference [2] . In deriving this η ′ -proton estimate the dashed line in Figure 2 was assumed for the proton-proton FSI.
Different prescriptions for the proton-proton enhancement factors will obviously give different results for |M 0 |. Figure 4 for example shows |M 0 | for the various meson production channels, as extracted when using the distribution of |M pp→pp | 2 depicted in Figure 2 as the dotted line. The |M 0 | behaviour for π 0 and η ′ mesons is now qualitatively different from that shown in Figure 3 , and would indicate an unreasonably strong attractive interaction between these mesons and the proton. Results for |M 0 | obtained with |M pp→pp | 2 as described by Druzhinin et al. [28] (dashed line in Figure 2 ), which is close to that presented in Figure 3 , can be found in [34] .
To minimize ambiguities that result from uncertainties in the proton-proton scattering amplitude, we consider the ratio |M
over phase space is independent of the meson produced. The transition amplitude for η and
| is therefore normalized to the one for the π 0 production |M 
As an example, in Figure 5 we show this ratio as obtained from the amplitude |M pp→pp | 2 presented as the dotted line in Figure 2 . Figure 5a shows an increasing strength of |M 0 | for the η production at low V ps , indicating a strong η-proton FSI, as was discussed previously for the cross section ratio by Calén et al. [6] . Note also that the ratio for the η ′ meson is constant over the phase space range considered (Figure 5b ). This observation, and the fact that theoretical calculations predict that the primary production amplitude is constant to within a few per cent [16, 35] independent of the mechanism assumed, allows us to conclude that the η ′ -proton scattering parameters are comparable to the π 0 -proton ones.
The η ′ -proton scattering length is therefore about 0.1 fm, similar to the π 0 -proton scattering length. in the proton-proton subsystem. These are references [20, 22] (solid line), [28] (dashed line) and [29, 30] (dotted line). The filled circles are extracted from [26] , and the opened squares are from [27] .
The curves and symbols are arbitrarily normalized to be equal at maximum to the result from reference [28] , shown as the dashed line.
The presented range of momentum k covers the allowed proton momenta in the excess energy range Q < 30 MeV. [1, 2, 3, 4, 6, 7, 8, 9, 10, 36] . The proton-proton scattering amplitude was calculated according to equation (4) , and the phase shifts were computed using equation (5) (see the solid line in Figure 2 ). 
